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STRONG HADRONIC DECAYS IN QCD2.
YU.S.KALASHNIKOVA AND A.V.NEFEDIEV
Strong hadronic decays are discussed in the ’t Hooft model for the two-dimensional
QCD in the limit of infinite number of colours. Adler selfconsistency condition is
derived for decays with pions in the final state and the corresponding amplitude
is demonstrated to vanish identically in the chiral limit.
The ’t Hooft model for QCD in two dimensions in the limit of infinite
number of colours 1 is known to be a good laboratory for testing many phe-
nomena which take place in QCD4, among those are confinement and the
chiral symmetry breaking. The Lagrangian of QCD2 has the form
L(x) = −1
4
F aµν(x)F
a
µν (x) + q¯(x)(iDˆ −m)q(x), (1)
and we fix the axial gauge Aa1 = 0 for the gluonic field. Besides that we use
the principal value prescription for regularizing the infrared behaviour of the
gluonic propagator 2 and our convention for γ-matrices is γ0 = σ3, γ1 = iσ2,
γ5 = γ0γ1. The large NC limit implies that γ =
g2NC
4pi remains finite and plays
the role of the effective coupling constant.
The Hamiltonian of the model in the given gauge can be obtained by the
standard methods and reads (see 3 for similar approach to QCD4)
H =
∫
dxq+(x)
(
−iγ5 ∂
∂x
+mγ0
)
q(x)− g
2
2
∫
dxdyρa(x)
|x− y|
2
ρa(y), (2)
where ρa(x) = q+(x)taq(x) and the quark dressed field is
qα(x0, x) =
∫
dk
2pi
[ui(k)bα(x0, k) + vi(−k)dα(x0,−k)] eikx. (3)
The fermionic vacuum is defined as bα(k)|0〉 = dα(−k)|0〉 = 0 whereas the
amplitudes u and v are given by
u(k) = T (k)
(
1
0
)
v(−k) = T (k)
(
0
1
)
T (k) = e−
1
2
θ(k)γ1 . (4)
Parameter θ(k) has the meaning of the Bogoliubov–Valatin angle describ-
ing rotation from bare to dressed quarks. Following 2 Hamiltonian (2) can be
normally ordered in the basis of fermionic operators b and d:
H = LNCEv+ : H2 : + : H4 :, (5)
where Ev is the vacuum energy density (L being the length of the space),
: H2 : is bilinear in quark operators and : H4 : contains the fourth powers.
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The standard requirement that : H2 : has the diagonal form
: H2 :=
∫
dk
2pi
E(k)
{
b+α (k)bα(k) + d
+
α (−k)dα(−k)
}
, (6)
where E(k) is the dressed quark dispersive law, leads to the gap equation 2
p cos θ(p)−m sin θ(p) = γ
2
∫
–
dk
(p− k)2 sin[θ(p)− θ(k)], (7)
which was studied numerically in 4 and a nontrivial solution surviving in the
chiral limit, was found.
As the next step we perform diagonalization of the model in the sector of
bound states — qq¯ mesons. To this end we take : H4 : part of the Hamilto-
nian into account and apply another Bogoliubov transformation generalized
for the case of compound operators 5. Then we find the following operator
annihilating mesonic state
mn =
∫
dq
2pi
√
NC
{
di(P − q)bi(q)ϕn+(q, P ) + b+i (q)d+i (P − q)ϕn−(q, P )
}
, (8)
and a similar expression for m+, which possess the standard bosonic commu-
tation relations and diagonalize the Hamiltonian of the theory
H = LNCE ′v +
+∞∑
n=0
∫
dP
2pi
P 0n(P )m
+
n (P )mn(P ) +O
(
1√
NC
)
. (9)
The two wave-functions ϕ± describing forward and backward in time mo-
tion of the qq¯ pair inside the meson are solutions to the bound-state equation 2

[K(p, P )− P0]ϕ+(p, P ) = γ
∫
–
dk
(p− k)2 [Cϕ+(k, P )− Sϕ−(k, P )]
[K(p, P ) + P0]ϕ−(p, P ) = γ
∫
–
dk
(p− k)2 [Cϕ−(k, P )− Sϕ+(k, P )] ,
(10)
where K(p, P ) = E(p) + E(P − p), C = cos θ(p)−θ(k)2 cos θ(P−p)−θ(P−k)2 ,
S = sin θ(p)−θ(k)2 sin
θ(P−p)−θ(P−k)
2 . They also obey the Bogoliubov-type or-
thonormality conditions∫
dp
2pi
(
ϕn+(p, P )ϕ
m
+ (p, P )− ϕn−(p, P )ϕm− (p, P )
)
= δnm∫
dp
2pi
(
ϕn+(p, P )ϕ
m
− (p, P )− ϕn−(p, P )ϕm+ (p, P )
)
= 0.
(11)
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One of the most interesting features of the bound-state equation (10) is
its massless solution present in the spectrum in the chiral limit. It reads 5
ϕpi±(p, P ) =
√
pi
2P
(
cos
θ(P − p)− θ(p)
2
± sin θ(P − p) + θ(p)
2
)
. (12)
Note that ϕpi−(p, P → 0) ∼ ϕpi+(p, P → 0), so that the qq¯ pair in the pion
spends half time in the backward in time motion, thus both components of the
pion wave-function are equally important and should be taken into account.
To proceed further we introduce the matrix wave-function 2
Φ(p, P ) = T (p)
(
1 + γ0
2
γ5ϕ+(p, P ) +
1− γ0
2
γ5ϕ−(p, P )
)
T+(P − p), (13)
and the incoming and outgoing matrix meson-quark-antiquark vertices 6
ΓM (p, P ) =
∫
dk
2pi
γ0
ΦM (k, P )
(p− k)2 γ0 Γ¯M (p, P ) = γ0Γ
+
M (p, P )γ0. (14)
Taking advantage of the fact that the full quark-antiquark scattering am-
plitude is known explicitly 6, one can derive the following Ward identities for
the dressed vector and axial-vector current-quark-antiquark vertices vµ and
aµ (see
7 for similar expression in the light-cone gauge):
− iPµvµ(p, P ) = S−1(p)− S−1(p− P ), (15)
− iPµaµ(p, P ) = S−1(p)γ5 + γ5S−1(p− P ), (16)
where S(p) is the dressed quark Green’s function.
Using the explicit form of the pion vertex which can be easily found with
the help of equations (12) – (14), one arrives to the conclusion that the pion-
quark-antiquark vertex is nothing but a linear combination of the vector and
the axial-vector currents divergences (15) and (16)
Γpi(p, P ) = S
−1(p)(1 + γ5)− (1− γ5)S−1(p− P ) = −iPµvµ − iPµaµ. (17)
We are now in the position to calculate the strong decay amplitude for
the process A → B + C. The Hamiltonian approach gives a natural envi-
ronment for this task as the Hamiltonian (9) with reconstructed sub-leading
terms O(1/
√
NC) immediately reproduces the amplitude of the process. In
the meantime, there is another a more elegant way exploiting the effective
diagrammatic technique. The matrix element for the discussed decay reads
M(A→ B + C) = − iγ
3
√
NC
∫
d2k
(2pi)2
×
3
×Sp(ΓA(k + PB , PA)S(k − PC)Γ¯C(k, PC)S(k)Γ¯B(k + PB, PB)S(k + PB))
+ (B ↔ C). (18)
One of the most interesting issues of the hadronic spectroscopy is the role
played by the pions, as Goldstone bosons, in the hadronic decays. Inserting
the pion vertex (17) into (18) one immediately arrives at the conclusion that
the decay amplitude vanishes in the chiral limit if at least one of the final
particles is the pion, and this happens for any pion momentum!a 6
M(A→ pi + C) ≡ 0. (19)
This relation plays the role of the Adler selfconsistency condition in
QCD2
8. It is entirely due to destructive interference between the two com-
ponents of the pionic wave-function ϕpi+ and ϕ
pi
−. The same conclusion follows
immediately from (17) as both, vector and axial-vector currents are conserved
in the ’t Hooft model in the chiral limit.
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aThe latter observation seems natural in view of the fact that the pionic decay constant is
dimensionless in D=2 thus defining no low-energy scale for the theory6.
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